Published by Institute of Physics Publishing for SISSA/ISAS 

Received: 
Revised: 
Accepted: 



Odd Nambu bracket on Grassmann algebra 



Dmitrij V. Soroka and Vyacheslav A. Soroka 

Kharkov Institute of Physics and Technology 

1 Akademicheskaya St., 61108 Kharkov, Ukraine 



E-mail: dsoroka@kipt.kharkov.ua, vsoroka@kipt.kharkov.ua 



Abstract: The Grassmann-odd Nambu bracket on the Grassmann algebra is proposed. 



Keywords: Odd Nambu Bracket, BRST Symmetry. 



o 
o 

N) 
o 
o 
[\j 

o 
o 
o 



Dedicated to Valentina Erofeyevna KoroV. 



© SISSA/ISAS 2008 



http : //jhep . sissa . it/ JOURNAL/ JHEP3 . tar . gz 



Contents 

[l]. Introduction |] 

g. Odd Nambu bracket I 

|3|. Conclusion ^ 



1. Introduction 

In the paper ]!]] the linear odd bracket corresponding to the 50(3) group and realized 
solely on the Grassmann variables 9 a has been introduced (see also @, ^ @, |5|) 

{A,B} 1 =Ade a e a ^6 J depB, (a, /?, 7 = 1, 2, 3), (1.1) 

where e a/ g 7 is the completely antisymmetric Levi-Civita tensor, d and d are the right and 
left derivatives and <% Q = It was constructed for this bracket three Grassmann-odd 
nilpotent A-like differential operators of the first, second and third orders with respect to 
the Grassmann derivatives 

A+i = e a/ 3 7 #a#s<90 7 , (1.2) 
1 
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£af3i9ade /3 dg j , (1.3) 



A-3 = ^e a i3 7 dg a de do^. (1.4) 
The operator A + i is proportional to the second term in a BRST charge 

Q = O a G a — -e a f3~ f 9 a 9pdo 1 , 

where 6 a and dg a represent the operators for the ghosts and ghost momenta respectively 
and G a are generators of the 50(3) group. The operator A_i related to the divergence of 
the vector field {9 a ,A}i 

A_ 1 A = ~dg a {O a ,A} 1 (1.5) 



is proportional to the true A-operator for the odd bracket (|l.l| ). The operator A_i ( |l.5| ) 
determines the linear odd bracket (|0|) as a deviation of the Leibniz rule under the usual 
multiplication 

A_i(4 • B) = (A_iA) • B + {-iy^A ■ A_i5 + (-1)^{A, B} x ■ 



A_ 3 (^ • B) = {A^A) • B + (-If ■ A_ 3 B + (-If ^A(A B), (2.1) 



and simultaneously satisfies the Leibniz rule with respect to the linear odd bracket com- 
position 

A_x({A Bh) = {A_iA B}i + (-If A-xS}!, 

where p(^4) is a Grassmann parity of the quantity A. 

In the present paper we show that the operator A__ 3 ( |1.4| ) is related with the Grassmann- 
odd Nambu bracket [|| on the Grassmann algebra. 

2. Odd Nambu bracket 

M 

By applying the operator A_ 3 ( |Q| ) to the usual product of two quantities A and B, we 
obtain 

o 

where the quantity A(A, B) is 

A(A, B) = ie a/37 [(fy^A) efc 7 i? + (-If ^ (d 9a A) fy^Ij] . (2.2) ^ 

By acting with the operator A_ 3 on the usual product of three quantities A, B and 
C, we come to the following relation: 

A_ 3 (A ■ B ■ C) = (A^A) -B-C+ (-1) P ^A ■ (A^ 3 B) ■ C + (-If W+pWa . B . A _ 3C 
+ (-If ^A{A,B)C + (-1)p( a )p( b )+p( a )+p( b )bA(A,C) 
+ (-l)P( A )+P( B )AA(B, C) + (-If {B) {A, B, C} 1: (2.3) 

o 

where the last term is the Grassmann-odd Nambu bracket 

{A, B, Ch = e a ^de a Ade Bd ej C (2.4) 

on the Grassmann algebra. 

The divergence of the Nambu bracket ( p.4[) is related with the quantity A(A,B) fl2.2j ) 
(see also 0]) 

A(A,B) = ^d 6a {6 a ,A,B} 1 , (2.5) 



whereas the multiplication on the Grassmann variable 6 a gives the linear odd bracket (1.1) 



{A,B} 1 =e a {6 a ,A,B} 1 . (2.6) 



Note also the following relation between the operator A„ 3 ( |1.4[ ) and odd Nambu bracket 
&■ 

A. 3 A = ^d ea d e0 {e a ,e /3 ,A} 1 . (2.7) 
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For the operator A_3 (|l,4j ) there exists the following "Leibniz rule" with respect to the 
odd Nambu bracket composition: 



- {A_ 3 A B, C} x + (-1) P(A) {A, A_ 3 B, C} x 

+ e aPl [(-l)^)+i A (de a A, d e ,B) fyC 
+ (.ijPW^fl)^^ (d 0/3 B,dg y C) 

+ (-i) p(A)p(B)+1 a e ,sA (a^A^c)" 



(2.8) 



(2.9) 



It follows from the expression ( |2.4Q the Grassmann parity 

B, C}i) = p(>4) + p(B) + p(C) + 1 (mod 2), 
symmetry properties 

{A,B,C} X = -(-1)^ +1 ^ B ^{B,A,C} X = -(-1)^ +1 ^ C ^{A,C,B} X (2.10) 
and Jacobi type identity for the odd Nambu bracket 



{{A,B,C} X ,D,E} X + 
+ 
+ 
+ 
+ 



+ 



_ 1 ^\p(A)+l]\p(B)+p(C)+p(D)+p(E)} || B q D}i,E, A} X 
_^[p(A)+p(B)][p(C)+p(D)+p(E)+l]^ c ^ D ^ E x^ A ^ B ^ i 
_ 1 ^[p(D)+p(E)][p(A)+p(B)+p(C)+l] || D E ^ B 
_ 1 ^[p(E)+l][p(A)+p(B)+p(C)+p(D)] ||^ ^ B} X ,C, D} x 
_ 1 ^[p(D)+p(E)][p(A)+p(B)+p(C)+l]+p(B)[p(A)+l]+p(A) 



x {{D,E,Bh,A,Ch 

1 \\p(D)+l]\p(A)+ P (B)+p(C)]+p(D)r r D A B} X ,C, E} x 
1 ^[p( J 4)+l][p(iJ)+p(C)+p(D)+p(i?)] + [p(D)+l]p(S)+p('D) 

x {{B,C,Eh,D,A} x 
+ 



1 ^[p(B)+l][p(C)+p( J D)+p(B)]+p(B)| q D} x , E, B\ X 
^ [p(B)+l] [p(C)+p(D)+p(E)+l] + [p(D)+l] [p(E)+l] 



x {{A,C,E} x ,D,B} x = 0. (2.11) 
Note that the structure of ( [2.11 ) is different from the one for the fundamental identity || 
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3. Conclusion 



Thus, we constructed the Grassmann-odd Nambu bracket on the Grassmann algebra. The 
main properties of this bracket are also given. 
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